Accurate numerical methods to obtain the maximum and minimum velocities, the maximum rate of climb, and the absolute and service ceilings are proposed for steady flight of airplanes powered by a piston-engine driving a fixed-pitch propeller taking into account the variations of propeller efficiency and the power available, both by polynomial equations. In addition, a numerical method to compute the take-off performance during ground rolling using a thrust polynomial equation is presented herein. These numerical methods are condensed in a program written in FORTRAN called PienAir (Piston-Engine Airplane Performance). A case study was used to compare the data obtained by this code and the solutions accomplished by traditional methods. The comparison showed that the program calculated the minimum and maximum velocities values with very low rate of error, the maximum rate of climb with a maximum error of 13.41%, and the service ceiling and absolute ceiling with an error of 3.56% and 5.24%, respectively. The code computed the ground roll for take-off by numerical integration, resulting in about a 17.85% error.
V(dH/dt)max = velocity for maximum rate of climb W = weight of the aircraft (dH/dt) = rate of climb (dH/dt)max = maximum rate of climb α = angle of attack αT = angle of the power-plant thrust γ = flight-path angle γopt = optimum flight-path angle θ = pitch angle η = propeller efficiency μr = friction coefficient ρ = air density at flight altitude ρo = air density at sea level σ = density ratio φ = power-altitude factor ω = angular velocity of the motor shaft
I. Introduction
HE international aerospace community has accepted that unmanned aerial systems (UAS) have a promising future. They have been widely used in the military industry, but the civilian and commercial sector has noted a great range of possible applications. The potential applications for civil and commercial UAS include civil security, firefighting and emergency services, monitoring in the energy sector, agriculture, forestry, and fisheries, and communications and broadcasting. 1 Nevertheless, the entire aircraft sector tends to stay stable or to increase its production for the next twenty years. 2 Although, it could seem that the main demand of the industry is by far the jet engine aircrafts, statistics show that for 2013, the piston-engine aircraft represented 41.35% of the general aviation airplane shipments by type of airplane manufactured worldwide, which represents an increase of 2.8% from 2012. 3 Since 1994, the industry has produced 52,122 piston-engine aircrafts.
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For 2012, the piston-propeller aircrafts reached a great total of 143,160 units, 128,847 of which are one-engine piston airplanes. In addition, there has been a consistent increase in the experimental aircraft field since 1994; for 2012, there were 21,936 experimental aircrafts registered in the active fleet of the United States, most of which are propeller driven. The projections for the active U.S. general aviation and on-demand Part 135 aircraft by type and forecast (2013-2033) present that for 2030, there will be an active fleet of piston-propeller airplanes of 142,690 units, which shows a tendency to remain stable for the next twenty years, representing a reduction of only 0.3% with respect to the present market. 3 Moreover, there will be 57,910 units of general aviation fleet.
2 This data and projections show that any research and development about piston-propeller aircrafts will help to improve a very important sector of general aviation.
The industry development has allowed the UAS systems to evolve rapidly to systems with commercial applications. For 2010, there were at least three hundred UAS designs aiming to this objective. 3 2010-2030 forecast predicts that there will be no real commercial application for the UAS until 2018; it is expected that for 2020, approximately 15,000 UAS will be in commercial operation and for 2030 another 30,000. 3 Recent studies in UAS propulsion showed that for aircrafts with propulsion needs between 5-100 hp, generally piston-engines were used as a power source. 4 From sixty-seven engines evaluated for this power range, forty-four engines were piston-engines with fixed-pitch propeller. 4 
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Since the Wright brothers first flight, the fixed-pitch propeller driven by a piston-engine was the only kind of propulsion in airplanes until H. S. Hele-Shaw and T. E. Beacham patented the variable pitch propeller in 1924; the constant speed propeller was introduced in 1935 (Ref. [5] ). From that first flight, aeronautical engineers have been concerned with increasing the accuracy of the methods to estimate airplane performance. During the 1920s and 1930s, NACA developed several reports and memorandums regarding this matter. Diehl 6, 7 introduced two different methods to estimate airplane ceilings; the first approach involves the use of a simple formula; the second one shows a graphic method for estimating the absolute ceiling with the curves of power required and power available. Leslie and Reid 8 developed a method to predict airplane performance in level and climbing flight, including the entire information about propeller velocity, rate of climb and aircraft velocity. In 1931, Oswald 9 presented the general algebraic performance formulas based on the induced drag. These formulas and charts were developed to determine the performance characteristics of airplanes powered with piston-engine driving a fixed pitch propeller, including the maximum rate of climb, the absolute and service ceilings, and the minimum time to climb. In the late 1930s, Hartman and Biermann 10, 11 completed several analyses on the aerodynamic characteristics of full scale propellers, developing various charts for the estimation of the power and thrust coefficients, and propeller efficiency as a function of the advance parameter. Wetmore 12 investigated the performance of the aircraft during take-off; this research was completed to determine the variables and to describe the transition phase between the runway and steady climb in the take-off, including a step-by-step integration of the entire maneuver with the ground effect. The performance of piston-engine powered airplanes was widely discussed by Mises. 13 Cavcar 14 and Anderson 15 , who determined analytical expressions to obtain the maximum rate of climb respectively; however, they considered the brake power as a constant. Smetana 16 expressed the available power using a polynomial equation function of the velocity and presented procedures to estimate the maximum rate of climb and the maximum and minimum velocities using numerical methods.
In this paper, accurate numerical methods to obtain the maximum and minimum velocities, the maximum rate of climb, the velocity for maximum rate of climb, the optimum flight-path angle, and the absolute and service ceilings are proposed for steady flight of airplanes powered by a piston-engine driving a fixed-pitch propeller, taking into account the variations of propeller efficiency and the power available, both with velocity and air density. In addition, a numerical method to compute the take-off performance during ground rolling using a thrust polynomial equation is presented herein.
These methods are condensed in a program called PienAir (Piston-Engine Airplane Performance). This program allows obtaining the performance of a piston-propeller airplane with fixed-pitch propeller in an easy, quick, and reliable way. Figure 1 shows the free body diagram of a rigid and symmetric airplane considering that forces on the vehicle act at the center of gravity, and the velocity vector is in the plane of symmetry of the airplane. From Fig 1, the equations of motion for non-steady flight of an airplane over flat earth in calm atmosphere are,
II. Steady-State Level Flight Approach
Then, considering that the thrust vector is parallel to the velocity vector of the airplane,
Knowing that the power available is equal to the product of thrust and the corresponding velocity, Eq. (4) is rewritten as American Institute of Aeronautics and Astronautics
Cavcar 14 establishes that the acceleration factor, term in brackets in Eq. (5), is near or equal to unity for propeller airplanes even in ascending flight, and the acceleration could be considered equal to zero. Therefore, the equations of motion become,
If the flight-path angle is very small (γ→0),
A. Power available
The power available estimation for airplanes with fixed-pitch propeller is widely explained in Ref. [13] . This procedure uses the engine charts provided by the manufacturer, propeller charts obtained experimentally, the air density, and the propeller diameter as input data. Based on this technique, a numerical procedure to obtain the power available as a function of velocity was developed.
The engine data is written as vectors, one for the brake power and the other one for propeller revolutions per second. Then, the power coefficient vector for each altitude and engine-propeller configuration can be computed,
Where the indicated power-altitude factor is written as function of density ratio, σ=ρ/ρo (Ref. [17] ):
Based on the propeller charts, polynomial equations are used to express the advance parameter as a function of power coefficient, and the propeller efficiency as a function of advance parameter: Equations (14) and (15) express the advanced parameter and the propeller efficiency in vector form:
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The power available and the corresponding velocity is obtained as,
Thereby, the power available for a specific altitude could be expressed as a polynomial equation,
The coefficients of the polynomial are computed by the method of least squares.
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B. Power required
The power required is the product of drag and the correspond velocity:
The drag coefficient for low speed airplanes is commonly expressed as
Equation (20) shows the formulation used herein to determine the power required.
C. Maximum rate of climb
The formulation for the rate of climb of an airplane is obtained by Eq. (7) and Eq. (19), Figure 4 shows the maximum excess of power as the maximum difference between power available and power required. Therefore, the maximum rate of climb is acquired when the maximum excess of power is attained,
Smetana 16 substitutes the expressions of power available and power required in Eq. (21) to obtain an expression that allows computing numerically the value of the rate of climb at determined altitude. Therefore, in this case Eq. (21) becomes, 
The maximum rate of climb is accomplished when, 16 American Institute of Aeronautics and Astronautics
Then, Eq. (22) becomes Eq. (26).
Substituting Eqs. (18), (19) and (20) 
Equation (27) presents the condition to obtain the velocity at specified altitude where the rate of climb gets its maximum value. The method of false position 19 was proposed by Smetana 16 to solve a similar equation, and it is employed herein. Finally, the maximum rate of climb is obtained introducing V(dH/dt)max in Eq. (24).
Consequently, Anderson 15 shows that the variation of maximum rate of climb is nearly linear with altitude, and it can be expressed as
The slope B and the H=0 intercept on the abscissa A can be obtained by the method of least squares 18 based on the data attained for a given airplane at different altitudes.
D. Flight-path angle
The optimum flight-path angle is the angle to climb needed by an airplane to get maximum rate of climb. Equation (29) presents a simple solution to obtain γopt starting from Eq. (21).
E. Maximum and minimum velocities
For a given altitude, there are two different velocity values, where the power available and the power required curves intersect, as shown in Fig. 4 . 13 These two roots are the maximum and minimum velocities of an airplane and can be obtained applying the method of false position 19 in Eq. (24), when the rate of climb is equal to zero. 16 If the resultant Vmax is larger than the maximum velocity reached with Eq. (18), then, the last one will be the maximum velocity. Likewise, if the resultant Vmin is smaller than the stall speed, VS will be the minimum velocity.
F. Absolute ceiling and service ceiling
The maximum rate of climb is continuously diminishing with the increase of altitude, until the maximum rate of climb eventually vanishes. 20 The absolute ceiling is the maximum altitude that an airplane could maintain in steadystate level flight using the maximum power available, 14 which is the altitude where the maximum rate of climb is equal to zero. 15 However, the service ceiling represents the practical maximum altitude in steady-state level flight, 15 because the absolute ceiling is a theoretical measure because the absence of excess power at that altitude leaves the vehicle with very poor handling qualities. 20 The service ceiling is defined as the altitude where the maximum rate of climb is 0.508 m/s (100 ft./min). 15 The ceilings could be acquired equating the maximum rate of climb in Eq. (28) to the corresponding condition. Then, the absolute ceiling and the service ceiling are functions of the coefficients of Eq. 
G. Time to climb
The time to climb to reach a given altitude is expressed as
The minimum time to climb is achieved at a maximum rate of climb, using Eq. (28) 
III. Accelerated Flight Approach: Take-off ground roll
The take-off performance predictions are mostly centered in the estimation of the airplane ground roll. Figure 5 shows the ground roll or ground run as the distance that the airplane covers along the runway before it lifts into the air. 15 This is considered an acceleration performance problem. Figure 6 presents the free body diagram of a rigid and symmetric airplane rolling on the ground for take-off. The resultant equation of motion is:
The drag coefficient of an airplane moving very near to the ground is affected by ground effect. This mainly influences the induced drag, decreasing it. The drag reduction factor (G) is the relation between the induced drag coefficient in ground effect and the induced drag in free flight. The drag polar equation in ground effect is
Equation (37) shows a formula to define the drag reduction factor for wings and airplanes. 
The term Ka is not dependent on the velocity, and it is considered a constant in Eq. (38). The thrust can be expressed as a function of velocity using Eq. (18), 
Equation (40) shows the rate of change of velocity or the acceleration as a function of velocity and it is an ordinary differential equation, which could be solved by numerical integration using Runge-Kutta or AdamsBashforth methods. Specifically in this case, it is solved using the Adams-Bashforth method. 18 The initial velocity is equal to zero and the final velocity is the velocity of lift-off or VLO, where VLO=1.1VS (Ref. [15] ) as seen in Fig. 5 . However, if the velocity is zero, the last term in Eq. (40) becomes numerically undefined, forcing to assume that the initial velocity has a small value between 1 and 10 -3 . Knowing the velocities and the time step of the simulation, the ground roll value can be calculated:
IV. Program PienAir
The previously described methods to calculate the performance of a piston-propeller airplane with fixed-pitch propeller are condensed in a new program called PienAir (Piston-Engine Airplane Performance). The code was written in Fortran 90 language and compiled using DIGITAL TM Visual Fortran 6.0 (Ref.
[22]). The code uses subroutines to solve the Adams-Bashforth method, 18 the method of least squares , 18 and method of false position, 19 These subroutines were taken from Jean-Pierre Moreau's Home Page (http://jeanpierre.moreau.pagesperso-orange.fr/). The interface with the user is generated by another subroutine which shows the text in Spanish and English.
The program reads seven documents with the information of the airplane, the engine, the propeller, and the simulation parameters. The program generates five documents with the results of the simulation. These show the power available and power required curves, the airplane performance characteristics at different altitudes, the service and absolute ceilings, and the take-off ground roll performance.
V. Case Study
The Unmanned Airplane for Ecological Conservation (ANCE) is used for comparison of the proposed method and the traditional approaches. It was chosen because enough information is available for this airplane. 23 Table 1 shows the general characteristics of the airplane, and Table 2 presents its aerodynamic data. 23 The airplane is evaluated using three different engine-propeller configurations: Cuyuna 460FE-35 (Ref. Figures 7 and 8 show a comparison of the power available and power required curves achieved using the program PienAir and those ones attained using the method described by Mises. 13 A comparison of the power required curves attained with the present method code and those ones estimated by the traditional method shows an excellent match between them excepting the portion due to stall. The power available curves obtained for the different power plant configurations using the present method are slightly dissimilar than those ones accomplished by the traditional method explained by Mises. 13 Tables 6 and 7 present a comparison of the performance characteristics computed by the program PienAir for the airplane against those ones estimated using the traditional method. When computed results are compared against values obtained by the traditional method, the minimum and maximum velocity values achieved a maximum error of 1.69%, the velocity for maximum rate of climb values attained a maximum error of 6.88%, the maximum rate of climb values obtained an error between 1.14% and 13.41%, the optimum flight-path angle values get a maximum error of 6.98% and 12.02%, at sea level and 4000 m, respectively, and the minimum time to climb to 4000 m values achieved an error between 0.87% and 15.43%. The differences for rate of climb values, optimum flight-path angle, and minimum time to climb may be caused by the discrepancy observed for the power available curves shown in Figs. 7 and 8. Table 8 presents the absolute ceiling and service ceiling obtained for the example airplane driven by different power plants. The maximum error achieved between the traditional method and the result obtained with PienAir for absolute ceiling is 3.56%, and for service ceiling is 5.24%. Table 9 shows the ground rolling for take-off obtained by PienAir with friction coefficient equal to 0.03. These results are compared to those values estimated using the approximate analysis of ground rolling presented by Anderson. 15 The maximum difference for the ground roll between the numerical solution and the values obtained by the approximate analysis is 17.85% at sea level, and 2.61% at 4000 m.
VI. Conclusion
It is possible to obtain the maximum and minimum velocities, the maximum rate of climb, the velocity for maximum rate of climb, the optimum path angle, the minimum time to climb, the absolute ceiling and the service ceiling, and the ground roll for take-off numerically by defining a power available polynomial function for airplanes driven by a fixed-propeller. The program PienAir can compute the performance of these vehicles using the information of the propeller, the power plant, and the airplane. The program PienAir calculated the minimum and maximum velocity values with very low rate of error, the maximum rate of climb with a maximum error of 13.41%, and the service ceiling and absolute ceiling with an error of 3.56% and 5.24%, respectively. The code computed the ground roll for take-off by numerical integration, resulting in about a 17.85% error. 
